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1. Introduction and sunnnary 
Constantine [2] defined partitional generalized binomial coefficients 
(A) (his notation was ·a.. ) by means of the identity 
K A,K 
(1.1) 
where the C (Z) are zonal polynomials in the p by p synnnetric matrix 
K p 
z [3] and Pk= {1tlK = (k1 ~ k2 ~ ••• ~ kp ~ 0), 6i=l ki = k) is the 
set of partitions of the integer k into p or fewer parts. Bingham 
[1] showed that could also be defined by means of the identity 
where etr{Z) = exp(tr z). Let P = P(Z) be a symmetric homogenous 
polynomial of -degree k in the latent roots of z. Then by analogy 
with (1.2) (but not with (1.1)), Bingham defined coefficients A (p) by 
P(Z)etr(Z)/k! = ~:k 2i@.t (;) CA (z)/.t! . 
(1.2) 
(1.3) 
He gave explicit expressions for all monomials in s. = tr zj 
J 
of degree 5 or less. From these one could find expressions for all 
using the known relationship between the C (Z) 
X 
and 
the monomials in s. (in [3], e.g.). 
J 
Based on examination of the formulas in [1] and considering other 
results derived there, two conjectures concerning the form of 
for arbitrary K are made in Section 3. If true, these conjectures 
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provide the bases for two algorithms: 
1. An algorithm for determining the explicit form of (~} for 
all x E Pk; and 
2. An algorithm for determining the explicit form of Cx(Z) 
in terms·of the monomials in s .• 
J 
Based on these conjectures, expressions for "-(p) have·been 
determined for ail monomials P in sj of degree k ~ 7. The 
expressions found for C (z) based on the conjectures are correct 
K 
for all x E Pk, k ~ 8. 
2. Notation 
and p = (r1, ... ,r) E P. P r Let ~ be the number of partions in 
and Nk = ~ 1n .• J= J 
Monomials in s. will be denoted by 
J 
Define column vectors of length ~ of polynomials in z by 
and 
Vectors ~ and ~ are related by 
- 2 -
(2.1) 
(2.3) 
(2.4) 
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where Uk is a ~ by ~ matrix. The matrices Uk are known at 
least up to k = 11 • 
Define ~ by n£ matrices ¾ct and Rici by 
Rkl 
A. 
= [ (u.) ]xEPk, lEP l 
and 
A. 
~l = [ ~ ) ]x.EP k, lEP l • 
Then, by (1.1) or (1.2) 
Rkk = I°k, and 8ict = 0, k>L. 
By (1.2) and (2.4) 
- -1 - -1 -¾k = Uk , Rkl = Uk • ¾:t' and ¾£ = O, k > l. 
Define the Nk by Nk matrices R(k) and [Ck) by 
k 
R(k) = [Rr,llr,l=l s-{k) - ]k . and R = [Rr,l r,£=1 
(2.5) 
(2.6) 
(2.7) 
(2.8) 
(2.9) 
Bingham (1] introduced certain partitional coefficients dk(l) by 
d0(1) = 1, d1(1) = t, 
J l. . l k-1 
dk(l) = 2.;i=l 6j:1 (j - 1 ; ) ' k ~ 2. 
Clearly dk(l) can be expressed as a polynomial of degree k in 
£1 , •.. , LP. Define monomials of weight .! in the dr(1) 1s by 
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d {A) = rr._1 d_ (1) . K 1- -k. 
1 
Finally define Nk by Nk matrices 
k D(k) = [Dr,tJr,t=l 
where the nr by n,e matrices .·nr,.t 
Dr,.e = [dp(A)]pEPr' AEPt • 
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(2.11) 
· (2~ 12) .: 
are defined 
_(2.13): 
-... 
'--
l.. 
-
-
-
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3. Conjectured results. 
Examination of the expressions for 
all x E P, k ~ 5 reveals two facts: 
k A 
A 
(- ) presented in [ 1] for 
CK 
1. The coefficients (C) are expressible as linear combinations 
K 
of partitional monomials dp (A), p E Pr, r ~ k; and 
2. The only partitional monomial of weight k entering the expression 
A-
for <c ) is ~ dK (A) /k! where 
K 
Both assertions are conjectured to hold for all k. The first can be 
made more precise as: 
Conjecture 1: 
[{k) 
= 
x(k) 0(k) , 
where 
ik) - k A "= O, r < t where = [Ar,t]r,i=l' r, 
Clearly equivalent to Conjecture 1 in view of (2.8) is 
Conjecture l': 
where 
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(3.3) 
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A(k) = [A b]k b_1 , A b = 0, r < t where A bis n X nb. r,Jt, r,Jtt- r,Jtt r,Jtt r Jt, 
Clearly from (3.2) and (2.8) 
At,r = U t At,r • 
The second assertion above is equivalent to: 
Conjecture 2: 
- ( ')-1 . [ ] 
~k = k. d1.ag gK 
A direct consequence of Conjecture 2 and (3.6) 
Conjecture 2 •: 
is: 
( ')-1 . ] 
~k = k. Uk d1.ag[gx • 
The author has been unable to prove these conjectures. However, 
their plausibility is strengthened by various facts: 
(a) The conjectures are true for k ~ 5 • 
(b) Theorem 2 of [l] states in part that, if P(Z) is~ 
homogeneous syrrmetric polynomial of degree k, then 
X 
( rp) 
sl 
_ f t-k~f .t-k-1~ • • . f .t-k-r+l) c>·) ~ k+r k+r-1 • . • k+l) P · 
Since d1(X) = l, this clearly implies that if Conjecture 1 or 
Conjecture 2 is true for ck it is also tru~ for c(x,lr) = s~CK. 
{c) It was proved in [1] that if 
00 
P t ( Z) = r ! ( term of degree r in [ 6. 1s ./ j f It! ) r, J= J 
= r! 6 
k1+2k2+3k3+ .•• =r 
kl k2 ,k3 (s1) (s2/2) (s3/3) .•. 
k i 1 I k I 1. ,c2. 3. . . . 
kl+k2+k3+ .•• =t 
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(3.5) 
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(3.8) 
(3.9) 
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then 
A 
(p ) = 
r,t 
~PEPr fr-t(p) (;) 
where f t(p) is defined by 
r-
r t p r. 1 
~t::O fr-t (p )x = (x )p = rr i=l rr j~l (x + j - 2< i-1)) • 
It was further shown in [l] that 
j 00 
(n(l-z))A/(n)X =~t=:0~::0(-l)t+kztn-kx 
(3.11) 
(3.12) 
(3.13) 
(~En fk(p ){X) + [linear combination of (A,), p 'EP , r < t+k]) • 
P 11-t+k p P r 
Another expression for (n(l-z))A/{n)A in [l] is equivalent to 
OO k k (n(l-z))A/(n)A = exp{ - ~ 0(-1) n- <\:+1{X) ~(z)), ( 3.14) . 
where 
( ) "
00 (k + r - 1) ! r .i_( ) 2 ~ Z = LJr=l ,.,. , .... , z = z + "2' k+l z + . • • . (3.15) 
- After. straightforward rearrangments of (3.14) we find that 
-
OO t OO k k (n(l-z) \/(n\ = 1 + Et=l (-1) 2ic=:0(-l) n- (3.16) 
-
... 
X ( ~ d~1(A)d~(A)d~3(A) .. • h~l(z) h~(z) h~3(z) ••• ) 
k +2k +3k + ••• =k+t k 'k 'k' 
1 2 3 1· 2· 3• ••• 
kl +k2+k3+ ••• =t 
.... 
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Since (3.15) implies that h~l(z) h~(z) h~3(z) ••• = zt + O(zt+l), 
if Ek. = t, ( 3. 16) demonstrates that the term of highest weight 
J 
in the d/A)'s 
and is 
in the coefficient of 
(-1) t+ki = (-1) t+k ~ 
k+t,k 
t -k 
z n has weight k + t 
k1+2k2+3k3+ ••• =k+t 
kl +k2+k3+ ••• =t 
Thus, using (3.11) and (3.13), this implies that 
( A ) = ik+t,k + [linear combination of lower order (PA,)] 
pt+k,k 
+ [terms of weight< k+t in the d.(A)'s]. 
J 
If Conjecture 1 is true for degrees< r, then (3.18) implies: 
(i)_ (PA) 
r,t 
is a linear combination of monomials in d.(A) of 
J 
weight not greater than r; and 
(ii) the term of highest weight in (p A) is ir,t· It will 
r,t 
(3.17) 
(3.18) 
be observed that (i) would be implied by Conjecture 1 while Conjecture 2 
predicts {ii). This further enhances the plausibility of the conjectures • 
- 8 -
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4. Using the conjectures to find A(k) and Uk 
If we assume the truth of Conjecture l', (3.4) implies 
(4.1) 
. provided is invertible. Partition into submatrices 
of order nr by ni, r ~ k, 
imply that 
Then (4.1) and (2.7) together 
(4.2) 
This provides the basis for an algorithm for finding all the non-zero 
elements of A(k) and hence expressions for all partitional generalized 
binomial coefficients of order ~ k, by successive inversion of 
(2) D , ••• The computation can be made easier by means of the well known 
·method of using [D{r-l)]-l to compute 
requiring direct inversion at any step being of order 
the largest matrix 
n by n • 
r r 
It is 
clear from the discussions in Section 2 that if,in the definition of 
D{k), we replace 
..• (d1-r+l)d~d;3 
rede~ined D(k). 
, then we can restate our conjectures using the 
The matrix A{k) will be different but will satisfy the 
same properties as there discussed. The resulting modified form of 
A(k) has a somewhat simpler structure than as originally defined in 
Section 2. Moreover, there is some evidence of greater numerical stability 
in carrying out the algorithm described above. 
- 9 -
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From (3.6), A°(k) {with or without the definition modified as in the 
preceding paragraph)can be determined from A(k) once the Ur are 
known for r ~ k. In the Appendix are entries for the (modified) 
matrix A(?) computed using the algorithm discussed above. 
If we assume the truth of Conjecture 2, then (4.2) and (3.8) imply 
k l d. [ -1) kk· (4 -:i) Uk= • iag gx D(k) • •J 
Thus the algorithm described above also can be used to determine 
expressions for the zonal polynomials in terms of the c. X Numerical 
computations verify (4.3) for k ~ 8, thus strengthening the plausibility 
of the Conjectures. 
Appendix. 
Table 1 contains the matrix of coefficients for expressing (k!/g )(-A) 
X C 
X 
for all xEP, k ~ 7 in terms of the partitional monomials d (A) as k p 
modified in Section 4. 
example we find 
The table also contains values of Thus for 
Table 1 was computed using KRONOS APL on a CDC 6400. Each of the 
matrices D(k), k = 1, ... , 7 was inverted using Gauss-Jordan elimination 
with pivoting. After multiplying the floating point values so obtained 
- by the indicated denominators and the factor k!/gx' the resulting values 
--
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were all within 10-6 of being integers. In view of the numerical 
check of (4.3) for all k ~ 8 {to· equivalent accuracy), I feel the 
truth of the conjectures, at least up to k = 8, is extremely likely 
and would not hesitate to recommend the use of Table 1 • 
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,4 
5 
41 
12 
"l 2 
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21 l 
15 
[ 
l<l/g 
" l 
6 
12 
24 
24 
30 
20 
40 
30 
150 
120 
f. 120 
'51 144 
42 cm 
41 2 :AO 
1 2 AO 
321 ~ 20 
:n 1 240 
23 QO 
2 212 1 "0 
21 4 1f.O 
l"' ,20 
, 720 
61 P40 
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51 2 100A 
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0 f-1/A -1115/16 733/16 27CI/A 4 -539/ll -269/8 -273/16 -121/16 -49/192 3,; 25/2 69/4 21/8 7/2 0 0 -15/2 -5/2 -4 0 -9/4 0 0 0 0 0 0 
O c; -10 141/4 115/4 9/2 -53/2 -95/4 -15/2 -21/2 -2/3 5 61/4 3 6 15/4 3/2 0 0 -5 0 -2 0 -3 0 0 0 0 0 0 
n 11 n -67/11 l !H /4 24 59/24 -105/2 -51/2 -47/4 -23/4 o 25 10 61/4 o 9/4 5/24 o -6 o -3 o o -3/2 o -1 o o o o o 
O -3 _q -'39/2 15 2'3/4 -6 -16 -2 -37/4 -19/12 0 6 0 25/4 2 9/4 5/24 0 0 0 -3 0 0 -3/2 0 -1 0 0 0 0 0 
0 47/A -53/R 231/8 159/8 33/16 -40 -39/2 -12 -37/8 -1/16 45/2 8 39/4 5/9 1/2 1/4 0 -6 0 -1/2 -1/4 -3/2 -1 0 0 0 0 0 0 0 0 0 
n o -17/2 105/4 39/2 33/ll -24 -83/4 -4 -7 -2/3 5 12 3/2 6 3 1/4 o o -5 o o o -3/2 o o -1 o o o o o o o 
0 0 -6 Cl 6 9/2 0 -9 0 -6 -3/2 0 0 0 9/2 0 3 1/4 0 0 0 0 0 0 -3/2 0 0 -1 0 0 0 0 0 0 0 
0 2 -7 CICl/4 35/2 17/4 -2~ -57/4 -13/2 -13/2 -5/8 5 11 1 7/2 13/4 1/4 1/16 0 -5 0 0 0 -1 -1/2 0 0 0 0 0 0 0 0 0 0 0 
0 l"l/4 -61/R f.3/2 25 5/2 -58 -45/2 -A -7/4 -1/R 30 0 23/2 5/4 4 0 0 0 0 -8 0 -3 0 0 -1/2 -1/4 0 0 0 0 0 0 0 0 0 0 l 
0 'l -Pi/2 27 21/2 15/4 -R -18 -1 -33/4 -5/A O 8 0 9/2 t 5/2 0 0 0 0 -4 0 0 0 0 -1/2 -1/4 0 0 0 0 0 0 0 0 0 0 l 
0 _, 2 _,,. 0 12 6 0 0 0 -6 -3 0 0 0 0 0 2 l O O O O O O O O O -1/2 -1/4 0 0 0 0 0 0 0 0 0 0 1 
0 f. -'1 ,;4 33/2 9/4 -40 -tA -6 -9 0 0 20 9 0 3 3/2 0 0 0 0 0 0 -9 0 0 0 0 0 0 0 0 O O O O O O O O 
0 -24 -1 2 t A l II q O -18 0 -6 -3 0 0 0 9 0 l 1/2 0 0 0 0 0 0 -3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 l 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000000000000001 
0 C' 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O O O O O O· l 
Table 1. Matrix of coefficients expressing {k!/g )(,,_,A) in terms of modified monomials in d.(x). 
K ."It J 
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